Chapter 3

Vectors

Vectors will show up all over the place in our study of
physics. Some physical quantities that are represented
as vectors are displacement, velocity, acceleration, force,
momentum, and electric and magnetic fields. Since
vectors play such a recurring role, it’s important to
become comfortable working with them; the purpose
of this chapter is to provide you with a mastery of the
fundamental vector algebra we’ll use in subsequent
chapters. For now, we'll restrict our study to two-
dimensional vectors (that is, ones that lie flat in a plane).
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A Note About
Vectors

In the College Board's
AP Physics 1 Course
and Exam Description
(available as a PDF on
their website), Vectors
are not included in the
8 Unit structure. We
cover them here, with
their very awn chap-
ter, because they are
foundational to physics
and we think they are
important to know and
review. So let's dive in!

DEFINITION

A vector is a quantity that involves both magnitude and direction. A quantity that
does not involve direction is a scalar. For example, the quantity 55 miles per hour
is a scalar, while the quantity 55 miles per hour to the north is a vector. Other exam-
ples of scalars include mass, work, energy, power, temperature, and electric charge.

Vectors can be denoted in several ways, including:
A4 A A

In textbooks, you'll usually see one of the first two, but when it’s handwritten,
you'll see one of the last two.

Displacement (which is the net distance traveled including direction) is an example of
a vector:

A

A =4 miles to the north B =3 miles to the east
_V_l
displacement  magnitude direction magnitude direction
Vectors obey the Commutative Law for Addition, which states:

Commutative Law for Addition
A+B=B+A

¥

The vector sum of A + B means the vector A followed by B. The vector sum of B + A means the
vector B followed by A, and the result is an identical vector to A + B. Vectors are always added
tail to end to find their sum, so A + B or B + A—both are examples of tail-to-end addition.

Two vectors are equal when they have the same magnitude and the same direction.
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Example 1 Add the following two vectors:

A

‘&

Solution. Place the tail of B at the tip of A and connect them:

B i N
Also Worth Noting!

Scalar multiplication indicates a change
in magnitude by the numerical mul-
tiple and direction if there is a negative
sign only (the negative sign indicates the
opposite direction). An example of this is
that of a car traveling east at a velocity of

SCALAR MULTIPLICATION ' 100 km per hour. When multiplied by
A vector can be multiplied by a scalar (that is, by a number), and the k= h_ 2, the car’s new velocity is 200 km
result is a vector. If the original vector is A and the scalar is 4, then cht our WEST.

the scalar multiple £A is as follows:

e 2

Scalar Multiplication

A+B
A

magnitude of £ A = ||* (magnitude of A)

. _ (the same as A if £ is positive
figcion.oleth = {the opposite of A if £ is negative

e, J

1
Example 2 Sketch the scalar multiples 2A, EA, —A, and —3A of the vector A:

A

-

Solution.
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82

Tail To End!

By adding the negative
of B, we are allowing
the process ta follow
the tail-to-end conven-
tion that we discussed
earlier.

VECTOR SUBTRACTION

To subtract one vector from another, for example, to get A — B, simply form the vector —B,
which is the scalar multiple (-1)B, and add it to A:

A-B=A+(-B)

Example 3 For the two vectors A and B, find the vector A — B.

A %

A Note About
Direction

Make sure ta pay
attention to direction
if you are not using

a coordinate system.

If you set a vector
pointing to the right as
positive, then you must
set a vector pointing to
the left as negative.

Solution. Flip B around (thereby forming —B) and add that vector to A:

It is important to know that vector subtraction is not commutative; you must per-
form the subtraction in the order stated in the problem.

TWO-DIMENSIONAL VECTORS

Two-dimensional vectors are vectors that lie flat in a plane and can be written as
the sum of a horizontal vector and a vertical vector. For example, in the following
diagram, the vector A is equal to the horizontal vector B plus the vertical vector C:

h
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The horizontal vector is always considered a scalar multiple of what’s called the horizontal

basis vector, i, and the vertical vector is a scalar multiple of the vertical basis
vector, j. Both of these special vectors have a magnitude of 1, and for this reason,
they’re called unit vectors. Unit vectors are often represented by placing a hat (also
known as a caret) over the vector; for example, the unit vectors i and j are

sometimes denoted i and j.

-

For instance, the vector A in the figure below is the sum of the horizontal vector B = 3i and the

vertical vector C = 4.

J
A
A=31+4j
> C=4j
j’ [
> l—: x
: i
N
B=3i

The vectors B and C are called the vector components of A, and the scalar multiples of § and
j which give A—in this case, 3 and 4—are called the scalar components of A. So vector A
can be written as the sum A 1 + A}j, where 4_and A are the scalar components of A. The com-
ponent A_is called the horizontal scalar component of A, and 4 is called the vertical scalar

component of A. In general, any vector in a plane can be described in this manner.

Coordinate System
Think of i as your
x-coordinate system
and jas your
y-coordinate system. /
is just a unit vector that
points in the positive
xdirection, and jis
just a unit vector that
points in the positive
y direction.

3. Vectors
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VECTOR OPERATIONS USING COMPONENTS

The use of components makes the vector operations of addition, subtraction, and scalar multi-
plication pretty straightforward:

Vector addition: Add the respective components.
A+B-= (A, +B)i+ (Ay+By)j
Vector subtraction: Subtract the respective components.
A-B=(4 -B)i+ A -B)
Scalar multiplication: Multiply each component by k.
kA = (kAL + (RA)]

Example 4 If A = 2i — 3jand B = 44 + 2§, compute each of the following vec-
tors: A+ B,A—B, 2A, and A + 3B.

Solution. It’s very helpful that the given vectors A and B are written explicitly in terms of the

standard basis vectors i and §:
A+B=Q2-4i+(-3+2)j=-21-7j
A-B=[2-(4i+(-3-2)j=6i-5]
24 = 2(2)i + 2(-3)] = 41 - 6

A+3B=(2+3(-4))i+[-3+3(2)]f =-10i + 3

MAGNITUDE OF A VECTOR

The magnitude of a vector can be computed with the Pythagorean Theorem. The

— magnitude of vector A can be denoted in several ways: A or |A| or |Al- In terms of
This is merely an

interpretation of the
Pythagorean Theorem.
Make sure to brush up
on geometry and
trigonometry.

its components, the magnitude of A=A 1 + AJ is given by the equation

which is the formula for the length of the hypotenuse of a right triangle with sides of
lengths 4_and A,
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Ay = A},_]

DIRECTION OF A VECTOR

The direction of a vector can be specified by the angle it makes with the positive x-axis. You can
sketch the vector and use its components (and an inverse trig function) to determine the angle.
For example, if 6 denotes the angle that the vector A = 3f + 4] makes with the +x-axis, then

tan 6 = 4/3, so 8 = tan"'(4/3) = 53.1°.

A=3i+4]

A -4

0 N ;
A,=3

In general, the axis that 6 is made to is known as the adjacent axis. The adjacent component is
always going to get the cos 6. For example, if A makes the angle 6 with the +x-axis, then its x-
and y-components are A cos 8 and A sin 6, respectively (where 4 is the magnitude of A).

A=(Acos€)i‘+(ASin9)j

i 4,
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0

A = (Asing)j

N

Looking to
Guarantee a 4 or 57
We now offer one-on-

one tutoring for a guar-
anteed 5 or an online
course for a guaranteed
4 on the AP Physics 1
Exam. For information
on rates and
availability, visit
PrincetonReview.com/
college/ap-test-prep
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A = (Acos 9

In general, any vector in the plane can be written in terms of two perpendicular component

vectors. For example, vector W (shown below) is the sum of two component vectors whose
magnitudes are Wcos 8and Wsin 6:
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CHAPTER 3 KEY TERMS

vector

scalar

vector addition

vector subtraction
two-dimensional vector
horizontal basis vector
vertical basis vector
unit vector

vector components
scalar components

3. Vectors | 87



AP Physics 1 Premium Prep

Chapter 3 Review Questions

Answers and explanations can be found in Chapter 12.

Section |: Multiple Choice
n [/_\] Mark for Review

Two vectors, A and B, have the same magnitude, m, but vector A

points north whereas vector B points east. What is the sum, A + B?

.

f
@ m, northeast

-

.

m~/ 2, northeast

.

’
© m~/ 2, northwest

~

"

»
@ 2m, northwest

m Mark for Review

If F, = -20j, F, = —10f, and F,= 51 + 10§, what is the sum
F +F,+F.?

"

®

.

—158 + 10§

P

51— 10§

©

51

@

51— 10§

E] Mark for Review

Both the x- and y-components of a vector are doubled. Which of
the following describes what happens to the resulting vector?

s

®

\

Magnitude increases by a factor of J2. J

’

L.

Magnitude increases by a factor of V2, and the direction
changes.

Magnitude increases by a factor of 2.

-
r

©
®

L.

Magnitude increases by a factor of 2, and the direction
changes.
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n [:] Mark for Review

If vectors ¥, = 15 m/s north and V= 5 m/s south, whatis v, — y?

i3

@ 10 m/s north

~

10 m/s south

© 20 m/s north

\

[@ 20 m/s south

B m Mark for Review

The magnitude of vector A is 10. Which of the following could

be the components of A?

® A=5A4-=5

. A=6A=8

(
L@ A=TA=9

=
® 4,=10,4 =10

\

n l:l Mark for Review

If the vector A = 1— 2j and the vector B = 41 — 5§, what angle

does A + B form with the x-axis?

,

3

e -1

@ g=tan™'3
\

e

F
0= tan‘lg
\

—?

© @=sin! %

_JL_

r@ 0=sin“%




EI Mark for Review

An object travels along the vector d, = 4m 1 + 5Sm j and then
along the vector d, = 2m T - 3m J. How far is the object from
where it started?
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n m Mark for Review

The x-component of vector A is 42, and the angle it makes
with the positive x-direction is 50°. What is the y-component of
vector A?

r \
@ 6.3 m
.

f ® -65.3 ]

\,

I -~

§m -50.1
\L J \ J
,© 10m 1 '© 50.1 ‘
,@ 14m ] ,@ 65.3 ‘
\ J \ A

E E] Mark for Review

IfA = / and B = / , which of the following best represents
the direction of A — B?

m l/_\] Mark for Review

If two non-zero vectors are added together, and the resultant vector
is zero, what must be true of the two vectors?

©/ |

s 3
. 3 @ They have equal magnitude and are pointed in the same
@ — direction.

" P, \ S
i B s ™
+— They have equal magnitude and are pointed in opposite

\ ~ directions.
L% —

(©

-
© They have different magnitudes and are pointed in
opposite directions.

L. J
' N
@ It is not possible for the sum of two non-zero vectors to

be zero.
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Section lI: Free Response

m Mark for Review

Let the vectors, A, B, and C be defined by: A = 31 + 6§, B =—1 + 4§, and C = 51 - 2j.
A. What is the magnitude of vector A?

Sketch the vector subtraction problem B — C and find the components of the resultant vector.

B
C. Find the components of A + 2B.
D

Express A — B — C as a magnitude and angle relative to the horizontal.

m Mark for Review

An ant walks 20 cm due north, 30 cm due east, and then 14 cm northeast.
A, Assuming that each portion of the ant’s journey is a vector, sketch the ant’s path.

B. How far has the ant traveled from its original position?

C.  If the ant does not want to travel farther than 80 cm from its original position, how much farther north could it walk?

For more free content, visit PrincetonReview.com



AP Physics 1 Premium Prep

D Mark for Review

Consider an airplane taking off at an angle of 10° relative to the horizontal. After 2 s, the airplane has traveled a total of 140 m
through the air.

A.  Express the position, p, of the airplane compared with the point of liftoff as a vector using components and the T and j basis
vectors.

B. If the airplane had been taking off in a headwind, the position of the airplane would instead have been p’ = p + W, in which
the impact of the wind, w, is the vector w = —30i. Draw a sketch to show the relationship between the vectors P, p,and w.

C.  What angle would the plane make with the horizontal as a result of the headwind after 2 s?

n E] Mark for Review

As a boat travels in a river, its velocity, v, is determined by the current, ¢, and its relative velocity compared to the water, r. For
instance, at one point in the boat’s journey, these vectors are related in the following way:

Figure 1

c
|
|
! r
|
|

Write a vector equation that shows how v is related to c and .
If the angle between v and ¢ is 90°, as shown, write an equation for the magnitude of v as a function of ¢ and r.

At a different point in the boat’s journey, if the current is flowing due east at 5 m/s and the boat wants to travel due south at
10 m/s, what should the captain set its relative velocity to be (magnitude and direction)?
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Chapter 3 Summary

0 Vectors are quantities that have both magnitude and direction. Many important physical quantities,
such as forces and velocities, are vector quantities.

o Vectors can be represented graphically with an arrow, numerically with magnitude and direction, or
numerically with components.

o Vectors can be added (or subtracted) graphically by drawing the first vector and then starting the tail
of the second vector at the end of the first (remembering to flip the direction of the second vector for
subtraction).

o Vectors can be added (or subtracted) numerically by adding (or subtracting) individual components.

o Multiplying a vector by a scalar can change the length of the vector or flip the direction by 180° if the
scalar is negative.

o  If the magnitude, 4, and angle relative to the horizontal, 6, are known, the x- and y-components can
be calculated using:

A =Acosb
Ay=Asin0

o Ifthe components A_and Ay are known, the magnitude, 4, and angle relative to the horizontal, 6, can
be calculated using:

A=) + @A)

9=tan ' L

ES




